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We define two ways of quantifying the quantum correlations based on quantum Fisher information (QFI) in
order to study the quantum correlations as a resource in quantum metrology. By investigating the hierarchy of
measurement-induced Fisher information introduced in Lu et al. [X. M. Lu, S. Luo, and C. H. Oh, Phys Rev.
A 86, 022342 (2012)], we show that the presence of quantum correlation can be confirmed by the difference of
the Fisher information induced by the measurements of two hierarchies. In particular, the quantitative quantum
correlations based on QFI coincide with the geometric discord for pure quantum states.
I. INTRODUCTION
The classification and quantification of correlations are of
fundamental importance in science. In the emerging field of
quantum information, various measures of correlations, such
as entanglement [1–3], classical correlations, and quantum
correlations [4, 5] have been introduced and studied exten-
sively recently. In particular, the quantum discord was intro-
duced by Ollivier and Zurek [4] and Henderson and Vedral
[5, 6] as a measure of quantum correlation beyond entangle-
ment. Another version of quantum discord, namely the geo-
metric discord, was introduced by Dakic´ et al. in Ref. [7].
Recently, nonclassical correlations (a family of discord-
like measures) have been characterized in Ref. [8] within
the framework of local quantum uncertainty calculated by uti-
lizing skew information. Nonclassical correlations have also
been investigated by other authors from other perspectives. In
particular, “discriminating length”–a discordlike quantity, has
been proposed as a bona fide measure of nonclassical correla-
tions in Refs. [9, 10]. It exploits the quantum Chernov bound
which can be seen as a counterpart of the Cramer-Rao bound
for discrimination purposes of discrete and continuous param-
eters. In the following, we observe the same spirit and charac-
terize quantum correlations using quantum Fisher information
(QFI), a figure of central merit in the quantum estimation the-
ory. The amount of quantum correlation, quantified in terms
of the local quantum Fisher information, present in a bipartite
mixed probe state can then be used as a resource in quantum
metrology.
Information is always encoded in states of physical sys-
tems, usually in the form of parameters. In order to extract
the encoded information, one has to identify different states,
usually via measurements and parameter estimation. In the
classical case, the Fisher information is the central concept in
parameter estimation analysis due to the Crame´r-Rao inequal-
ity, which sets a basic lower bound to the variance of any un-
biased estimator in terms of the Fisher information [11, 12].
In the quantum case, the information carried by a physical pa-
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rameter is usually captured or synthesized by QFI [13–16],
which is the minimum achievable statistical uncertainty in the
estimation of the parameter. Further, if the parameter θ be
related with quantum evolution due to the fixed self-adjoint
operator (observable) H , i.e., ρθ = e
−iθHρeiθH , then QFI is
independent of the parameter θ [17] and represents the “speed
of evolution” of the quantum state (see Ref. [18]).
In this paper, we address some intriguing questions relat-
ing the quantum correlations. First, how does the presence of
quantum correlations affect the local quantum Fisher informa-
tion (lQFI; see Secs. II and IIIA)? Next, for the zero discord
bipartite states, which hierarchy of measurement leads to lQFI
(as the maximum of Fisher information induced by measure-
ments)? We endeavor to present some answers and ways to
investigate these questions.
The paper is organized as follows. In Sec. II, we briefly re-
view quantum Fisher information and quantum discord (both
entropic and geometric versions). In Sec. III, we first pro-
pose a measure of quantum correlation to study the relation-
ship between quantum correlations and the lQFI driven with
a local unitary on party a. Next, we recollect the notion
of measurement-induced Fisher information (MFI), and show
that the MFI and the lQFI on party b are identical for the
classical-quantum (CQ) and the classical-classical (CC) states
(zero discord bipartite states). In Sec. IV, we show that the
quantitative quantum correlations based on QFI coincide with
the geometric discord for a pure quantum state. Finally, Sec.
V concludes with a summary.
II. QUANTUM CORRELATIONS
A. Quantum Fisher information
Consider we have an N -dimensional quantum state ρθ
depending on an unknown parameter θ. If we intend to
draw out information about θ from ρθ , a set of general-
ized quantummeasurements, namely positive-operator-valued
measures (POVMs), M = {Mx|Mx ≥ 0,
∑
xMx = 1}
should be performed. A POVM is said to be “information-
ally complete” if all states can be determined uniquely by the
measurement statistics. A symmetric informationally com-
plete POVM is a special informationally complete POVM
that is distinguished by global symmetry between POVM ele-
2ments [19]. What is more, a quantummeasurement is “Fisher-
symmetric” if it provides uniform and maximal information
on all parameters that characterize the quantum state of inter-
est [20]. Very recently, Zhu and Hayashi [21] have studied the
universally Fisher-symmetric informationally complete mea-
surements. According to classical statistical theory, the qual-
ity of any measurement result can be specified by a form of
information called Fisher information (FI) [11] (see also Ref.
[22])
F (ρθ|M) = 1
4
∫
dxpM (x|θ)
[
∂ ln pM (x|θ)
∂θ
]2
, (1)
where pM (x|θ) = tr(Mxρθ). Vanishing FI would mean that
the measurement-induced statistics is robust in the sense that
the probability or the likelihood function is large. Optimizing
over all possible measurements, we can define the QFI [23] as
F(ρθ) = sup
M
F (ρθ|M).
Further, we can rewrite the QFI as
F(ρθ) = 1
4
tr(ρθL
2
θ), (2)
by introducing the so-called symmetric logarithmic derivative
(SLD) Lθ, satisfying the relation
∂θρθ ≡ ∂ρθ
∂θ
=
ρθLθ + Lθρθ
2
.
It is a Lyapunov matrix equation and a general solution ex-
ists. An explicit form of the SLD can be obtained, using the
spectral decomposition ρθ =
∑N
i=1 pi|ψi〉〈ψi|, as
Lθ = 2
∑
i,j
〈ψj |∂θρθ |ψi〉
pi + pj
|ψj〉〈ψi|, (3)
where it is understood that the sum is on the indices for which
pi + pj 6= 0. From Eq. (3) follows the explicit formula for
QFI:
F(ρθ) =
∑
i,j
| 〈ψj | ∂θρθ |ψi〉 |2
2(pi + pj)
. (4)
The above expression of the QFI is further simplified when the
quantum state is pure, given by the wave function |ψθ〉 (ρθ =
|ψθ〉〈ψθ|). In standard quantum mechanics, it is obtained
straight away that Lθ = 2∂θρθ since ∂θρθ = ∂θ(ρθ)
2 =
(∂θρθ)ρθ + ρθ(∂θρθ). It follows that
F(|ψθ〉) = 〈∂θψ|∂θψ〉+ |〈∂θψ|ψ〉|2. (5)
In particular, if ρθ = e
−iθHρeiθH , where H is a fixed ob-
servable (Hermitian operator) on the systemH, then F(ρθ) is
independent of the parameter θ [17], and in this circumstance,
F(ρθ) coincides with F(ρ,H) ≡ 14 tr(ρL2), which corre-
sponds to the generalization of Eq. (2). Here L is determined
by
i[ρ,H ] =
1
2
(Lρ+ ρL),
where the square bracket denotes the commutator between
operators. Moreover, if we know the spectral decomposi-
tion ρ =
∑N
i=1 pi|ψi〉〈ψi|, then the QFI can be evaluated as
[17, 23]
F(ρ,H) =
∑
i,j
(pi − pj)2
2(pi + pj)
| 〈ψi|H |ψj〉 |2. (6)
It satisfies the following information-theoretic property,
F(∑
n
λnρn, H
) ≤∑
n
λnF(ρn, H),
where
∑
n λn = 1, λn ≥ 0, and ρn are quantum states. The
above inequality means that if several different quantum sys-
tems are mixed, the information content of the resulting sys-
tem is not larger than the average information content of the
component systems. Also, for any pure state ρ, the QFI re-
duces to the variance of the observableH :
F(ρ,H) = V(ρ,H) = tr(ρH2)− (tr(ρH))2 . (7)
In general, if ρ is mixed, we have
0 ≤ F(ρ,H) ≤ V(ρ,H).
B. Quantum discords
Recall that quantum discord (entropic version) [4, 5] of a
bipartite state ρab on a systemHa⊗Hb shared between parties
a and b with marginals ρa = trb(ρ
ab) and ρb = tra(ρ
ab) can
be expressed as
DQ(ρ
ab) ≡ min
Πa
{I(ρab)− I[Πa(ρab)]}.
Here the minimum is over all von Neumann measurements
Πa = {Πak}k on party a, and
Πa(ρab) ≡
∑
k
(
Πak ⊗ 1b
)
ρab
(
Πak ⊗ 1b
)
,
is the resulting state after the measurement. I(ρab) ≡ S(ρa)+
S(ρb)− S(ρab) is the quantum mutual information, S(ρa) ≡
− tr(ρa ln ρa) is the von Neumann entropy, and 1b is the iden-
tity operator onHb. For pure quantum states, it coincides with
(the measure of) entanglement. Note that quantum discord is
a measure of quantum correlation beyond entanglement in the
sense that it can be non-zero even for (mixed) separable quan-
tum states, ρab =
∑
i piρ
a
i ⊗ ρbi [24]. A separable state is
classified as (i) CQ if ρai = |ψi〉〈ψi|, (ii) quantum-classical
(QC) if ρbi = |φi〉〈φi|, and (iii) CC if ρai = |ψi〉〈ψi| and
ρbi = |φi〉〈φi|. These states are obtained by preparing lo-
cal mixtures of non-orthogonal states, which cannot be per-
fectly discriminated by local measurements. In general, quan-
tum discord is difficult to calculate, even for two-qubit states
[25, 26]. Another version of discord, namely geometric dis-
cord, introduced by Dakic´ et al. [7], can be equivalently and
conveniently formulated as [27]
DG(ρ
ab) ≡ min
Πa
‖ρab −Πa(ρab)‖2.
3Consequently, if ρab = |ψ〉〈ψ| is a pure state with the Schmidt
decomposition |ψ〉 =∑i√si |αi〉⊗|βi〉, then by the result in
Ref. [28] we haveDG(ρ
ab) = 1−∑i s2i . It is known that both
these discords vanish iff the bipartite states are uncorrelated or
contain only classical correlations, as the CQ states or the CC
states [7].
III. QUANTUM CORRELATIONS IN TERMS OF QFI
A. In terms of QFI over local observables on party a
Let us consider an M × N bipartite quantum state ρab =∑
i pi|ψi〉〈ψi| on the system Ha ⊗ Hb. In the case where a
single party, say party a, is driven with the fixed observable
HA = Ha ⊗ 1b, i.e., ρabθ = e−iθHAρabeiθHA , F(ρab, HA)
is called the lQFI on party a. Further, let us consider that ob-
servable HA = |ϕ〉〈ϕ| ⊗ 1b. If [ρab, HA] = 0, this means
that tr(|ψi〉〈ψi|HA) = 0 or |ψi〉〈ψi| = |ϕ〉〈ϕ| ⊗ |βi〉〈βi| for
all i, where |βi〉s are unit vectors of Hb, and then we have
F(ρab, HA) = 0. This means that there are no changes in
the evolution due to the observable HA, and no information
can be obtained through any measurement. Here, we stress on
the fact that there exists at least one local observable HA for
which the quantum speed of evolution is zero for the classical-
quantum state |ϕ〉〈ϕ| ⊗ σb, with σb being any density oper-
ator on Hb. Based on this, we define a measure to quantify
quantum correlations in terms of the lQFI on party a, over all
orthonormal bases {|ϕn〉}n ofHa, as follows
Qa,H(ρab) ≡ min
{HA,n=|ϕn〉〈ϕn|⊗1b}n
∑
n
F(ρab, HA,n).
The Qa,H(ρab) represents the minimal sum of the quantum
speed of evolution, when it is driven with the local observ-
ables {HA,n = |ϕn〉〈ϕn| ⊗ 1b}n in product subspaces of
one-dimensional projective space on party a andHb. The fol-
lowing are some desirable properties to be inherited fromQFI.
(i)Non-negativity. Qa,H(ρab) ≥ 0, the equality holds when
ρab is a CQ or a CC state.
(ii) Local unitary invariance. Qa,H(ρab) is invariant un-
der any local unitary operation ΦU on parties a and b, i.e.,
Qa,H(ρab) = Qa,H
(
ΦU (ρ
ab)
)
.
(iii) Contractivity. Qa,H(ρab) is contractive under any lo-
cal completely positive trace preserving (l-CPTP) map Φl on
party b, i.e.,Qa,H(ρab) ≥ Qa,H
(
Φl(ρ
ab)
)
.
Next, to show that Qa,H(ρab) is a reasonable measure of
quantum correlation, we introduce the following theorem.
Theorem 1. Qa,H(ρab) vanishes if and only if ρab is a zero
discord state, which in turn is equivalent to ρab being a CQ
state or a CC state.
Proof. The necessary and sufficient condition for vanishing
Qa,H(ρab) is that there exists a set of local observables
{HA,n = |ϕn〉〈ϕn| ⊗ 1b}n, with {|ϕn〉}n being an orthonor-
mal basis of Ha, such that [ρab, HA,n] = 0 for all n (see
Ref. [29]). First, we consider the case when ρab is a CQ
state, ρab =
∑
i pi|αi〉〈αi| ⊗ σbi where 〈αi|αj〉 = 0 for
i 6= j. (or a CC state, ρab = ∑i pi|αi〉〈αi| ⊗ |βi〉〈βi|
where 〈αi|αj〉 = 〈βi|βj〉 = 0 for i 6= j). Then, when
{HA,i = |αi〉〈αi|⊗1b, H ′A,j = |γj〉〈γj |⊗1b}i,j , with {|γj〉}j
being a basis of ker
{
trb(ρ
ab)
}
(surely, {|αi〉 , |γj〉}i,j is a ba-
sis of Ha), we have [ρab, HA,i] = 0 and [ρab, H ′A,j ] = 0 for
any i or j. Therefore,Qa,H(ρab) = 0.
Next, if Qa,H(ρab) = 0, there exists a set of local observ-
ables {HA,n = |ϕn〉〈ϕn| ⊗ 1b}n, with {|ϕn〉}n being an or-
thonormal basis of Ha, such that [ρab, HA,n] = 0 for all n.
Therefore, ρab and {HA,n} share a common eigenbasis, and
this means that ρab =
∑
n,m pn,m|ϕn〉〈ϕn|⊗|βn,m〉〈βn,m| is
a spectral decomposition of ρab, where {|ϕn〉⊗ |βn,m〉}m are
sets of eigenvectors ofHA,n for all n. Consequently, the state
ρab =
∑
n pn|ϕn〉〈ϕn|⊗σbn is of the classical-quantum form,
where σbn =
∑
m
pn,m
pn
|βn,m〉〈βn,m| are density operators on
Hb and pn =
∑
m pn,m for all n.
This theorem says that quantum correlations are not cap-
tured by the measure Qa,H(ρab) only for zero discord states
with respect to measurements on party a. That is, like quan-
tum discord, Qa,H(ρab) also vanishes for CQ and CC states.
It also means that the presence of quantum correlations can be
detected by Qa,H(ρab) in separable quantum states.
Furthermore, for any 2 × N bipartite quantum states the
above theorem is simplified easily as follows: Let ρab =∑
i pi|ψi〉〈ψi| be a bipartite quantum state on the 2 × N
system Ha ⊗ Hb. If there exists a local observable HA =
|ϕ〉〈ϕ| ⊗ 1b, with |ϕ〉 being a unit vector of Ha, such
that F(ρab, HA) = 0 (equivalently, [ρab, HA] = 0), then
Qa,H(ρab) vanishes. This is not difficult to prove. Remem-
bering that Ha is a two-dimensional system, there exists an-
other unit vector |φ〉 such that {|ϕ〉 , |φ〉} is an orthonormal
basis of Ha. Then, for all i we have |ψi〉 = |ϕ〉 ⊗ |βi〉 or
|ψi〉 = |φ〉 ⊗ |βi〉, where |βi〉’s are unit vectors of Hb, be-
cause [ρab, HA] = 0 and [|ψi〉〈ψi|, HA] 6= 0 where |ψi〉 =
(a |ϕ〉 + b |φ〉) ⊗ |βi〉 with a2 + b2 = 1. Consequently, the
state ρab = q1|ϕ〉〈ϕ| ⊗ σb1 + q2|φ〉〈φ| ⊗ σb2 is of the classical-
quantum form with q1 + q2 = 1, where σ
b
i are density op-
erators on HB for i = 1 and 2. However, in general, this is
not applicable whenM ≥ 3. It is illustrated by the following
example.
Example 2. Let ρab =
∑2
i=0 pi|ψi〉〈ψi| be a bipartite quan-
tum state on the M × N -dimensional system Ha ⊗ Hb with
M ≥ 3, and {|ϕn〉}M−1n=0 is an orthonormal basis ofHa. Let
|ψ0〉 = |ϕ0〉 ⊗ |β0〉 ,
|ψ1〉 =
(
a1 |ϕ1〉+ a2 |ϕ2〉
)⊗ |β1〉 ,
|ψ2〉 =
(
b1 |ϕ1〉+ b2 |ϕ2〉
)⊗ |β2〉 ,
where a1b1 + a2b2 6= 0 and |βi〉s are unit vectors of Hb
with 〈β1|β2〉 = 0. Then, even though there exists a local
observable HA = |ϕ0〉〈ϕ0| ⊗ 1b such that F(ρab, HA) = 0,
Qa,H(ρab) does not vanish. Note also that the state ρab is
different from the above form.
Similar to the lQFI on party a, when the party b is driven
with the fixed observable HB = 1
a ⊗ Hb, F(ρab, HB)
4is called the lQFI on party b. Before investigating the
lQFI on party b, we first introduce some definitions. Let
{Hµ} be a complete set of orthonormal observables, that is,
tr(HµHν) = δµν , and {Hµ} constitutes a basis for the real
Hilbert space of all observables on H. Then∑µF(ρ,Hµ) is
independent of the choice of the orthonormal observable basis
{Hµ} [30], that is∑
µ
F(ρ,Hµ) =
∑
ν
F(ρ,H ′ν),
where {H ′ν} is another orthonormal observable basis. Simi-
larly, if both {Hb,µ} and {H ′b,ν} are orthonormal observable
bases onHb, we may write
H ′B,ν = 1
a ⊗H ′b,ν =
∑
µ
cνµ1
a ⊗Hb,µ
=
∑
µ
cνµHB,µ; ν = 1, 2, . . . , N
2,
with {cνµ}ν,µ being anN2×N2 real orthonormalmatrix, that
is, ∑
ν
cνµcνr = δµr, µ, r = 1, 2, . . . , N
2.
Then,∑
ν
F(ρab, H ′B,ν)
=
∑
ν
∑
i,j
(pi − pj)2
2(pi + pj)
| 〈ψi|
∑
µ
cνµHB,µ |ψj〉 |2
=
∑
ν
∑
i,j
(pi − pj)2
2(pi + pj)
〈ψi|
∑
µ
cνµHB,µ |ψj〉 〈ψj |
∑
r
cνrHB,r |ψi〉
=
∑
µr
(∑
ν
cνµcνr
)∑
i,j
(pi − pj)2
2(pi + pj)
〈ψi|HB,µ |ψj〉 〈ψj |HB,r |ψi〉
=
∑
µ
∑
i,j
(pi − pj)2
2(pi + pj)
| 〈ψi|HB,µ |ψj〉 |2
=
∑
µ
F(ρab, HB,µ),
where ρab =
∑
i pi|ψi〉〈ψi|. Thus,
∑
µF(ρab, HB,µ) is in-
dependent of the choice of the orthonormal local observable
basis {Hb,µ} on Hb, which means that we can evaluate it us-
ing any orthonormal observable basis onHb.
B. In terms of QFI over local measurements on party a
LetMa andMb be sets of all local measurements on par-
ties a and b, respectively. And Ma→b is the set of joint
POVMs that party b performs after party a, conditioned on
the outcomes of party a. Then the MFI forMa→b is defined
as
F(ρab, HB|Ma→b) ≡ max
Λ∈Ma→b
F (ρabθ |Λ),
where ρabθ = e
−iθHBρabeiθHB (the MFI can be defined as
above, without any logical loss, because the maximum of FI
over product measurements Λ ∈ Ma→b is independent of the
parameter θ associated with local observables). Obviously,
F(ρab, HB|Ma→b) ≤ F(ρab, HB), becauseMa→b ⊆ Mab
where Mab is the entire set of all POVMs on the composite
system. Furthermore, we can infer that the MFI is the maxi-
mal FI captured by using only classical correlations with re-
spect to measurements on party a, because it is induced by a
product measurement that party b performs after party a, con-
ditioned on the outcomes of party a. Meanwhile, when the
local measurement on party a is fixed to the von Neumann
measurement Πa, we define MΠa→b as the set of product
measurements that party b performs after party a, conditioned
on the outcomes of von Neumann measurements Πa of party
a. Then it can be expressed as [31]
F(ρab, HB|MΠ
a→b) = F(ΦΠa(e−iθHBρabeiθHB ))
= F(e−iθHBΦΠa(ρab)eiθHB)
= F(ΦΠa(ρab), HB)
=
∑
n
pa(n)F(ρb|n, Hb),
where ΦΠa(σ) ≡
∑
n(Π
a
n ⊗ 1b)σ(Πan ⊗ 1b), and
ρb|n ≡ tra(Π
a
n ⊗ 1bρab)
pa(n)
, (8)
with pa(n) ≡ tr(Πan ⊗ 1bρab).
Now we compare these two pieces of FI for the CQ states,
i.e., ρab =
∑
i pi|αi〉〈αi| ⊗ ρb|i. First, lQFI is calculated as
F(ρab, HB)
=
∑
i,j,m,n
(pipi,n − pjpj,m)2
2(pipi,n + pjpj,m)
|〈αi|αj〉 〈βi,n|Hb |βj,m〉 |2
=
∑
i,m,n
pi
(pi,n − pi,m)2
2(pi,n + pi,m)
| 〈βi,n|Hb |βi,m〉 |2
=
∑
i
piF(ρb|i, Hb),
where ρb|i =
∑
n pi,n|βi,n〉〈βi,n| for all i. Interestingly, when
Πa = {|αi〉〈αi|}i, we also have
F(ρab, HB|MΠ
a→b) =
∑
i
piF(ρb|i, Hb).
Therefore, we obtain that
F(ρab, HB|MΠ
a→b) = F(ρab, HB).
This means that the lQFI F(ρab, HB) is read by a joint mea-
surement of parties a and b in MΠa→b for the CQ states (or
CC states) ρab, and it is applied for all local observables on
party b. In addition, the party a of the joint measurement
that leads lQFI remains unchanged for any local observable
on party b.
5Based on this result, we define the following as an indicator
of quantum correlation:
Qa,Π(ρab)
≡
∑
µ
F(ρab, HB,µ)−max
Πa
∑
µ
F(ρab, HB,µ|MΠ
a→b),
where the maximum is over all local von Neumann measure-
ments Πa = {Πan = |n〉〈n|} on party a. Consequently, if ρab
is any zero discord state, then Qa,Π(ρab) = 0. We prove that
the opposite also holds true.
Theorem 3. Qa,Π(ρab) vanishes if and only if ρab is a zero
discord state.
Proof. We only need to prove that ρab is a CQ state (or a CC
state) if Qa,Π(ρab) = 0. In general, when the state ρab is not
a CQ state, we have the following relations:∑
µ
F(ρab, HB,µ) ≥
∑
µ
max
Πa
F(ρab, HB,µ|MΠ
a→b)
≥ max
Πa
∑
µ
F(ρab, HB,µ|MΠ
a→b).
If the local von Neumannmeasurement on party a that induces
the maximum ofMFI for at least one local observable on party
b is not the same as the others, then∑
µ
max
Πa
F(ρab, HB,µ|MΠ
a→b)
> max
Πa
∑
µ
F(ρab, HB,µ|MΠ
a→b).
This means that Qa,Π(ρab) > 0.
On the other hand, if the local measurements on party a that
induce the maximum of MFI for all local observables on party
b are identical (let the local measurement be Πa), then there is
at least one observableHB = 1
a ⊗Hb, such that
F(ρab, HB) > F(ρab, HB |MΠ
a→b)
=
∑
n
pa(n)F(ρb|n, Hb)
with the states ρb|n of Eq. (8) related to the Πa. This means
thatQa,Π(ρab) > 0.
To prove this, let us first assume that
F(ρab, HB) = F(ρab, HB|MΠ
a→b)
= p1F(ρb|1, Hb) + p2F(ρb|2, Hb)
for any local observable HB = 1
a ⊗ Hb, and let two
observables Hb,1 and Hb,2, satisfy [ρ
b|1, Hb,1] = 0 and
[ρb|2, Hb,2] = 0, respectively. Then,
F(ρab, HB,1) = p2F(ρb|2, Hb,1)
and
F(ρab, HB,2) = p1F(ρb|1, Hb,2).
Also, whenH ′b = (Hb,1 +Hb,2)/2,
F(ρab, H ′B|MΠ
a→b) =
p1F(ρb|1, Hb) + p2F(ρb|2, Hb)
4
,
and
F(ρab, H ′B) =
F(ρab, HB,1) + F(ρab, HB,2)
4
+
∑
i,j
(pi − pj)2
pi + pj
〈ψi|HB,1 |ψj〉 〈ψj |HB,2 |ψi〉
=
p1F(ρb|1, Hb) + p2F(ρb|2, Hb)
4
+
∑
i,j
(pi − pj)2
pi + pj
〈ψi|HB,1 |ψj〉 〈ψj |HB,2 |ψi〉 ,
where ρab =
∑
i pi|ψi〉〈ψi| and H ′B = 1a ⊗ H ′b. But, only
when ρab is a CQ state (i.e., ρab = p1|1〉〈1|⊗ρb|1+p2|2〉〈2|⊗
ρb|2), we have
∑
i,j
(pi − pj)2
pi + pj
〈ψi|HB,1 |ψj〉 〈ψj |HB,2 |ψi〉 = 0,
for local observablesHB,1 = 1
a⊗Hb,1 andHB,2 = 1a⊗Hb,2
satisfying [ρb|1, Hb,1] = 0 and [ρ
b|2, Hb,2] = 0 respectively.
This means that F(ρab, H ′B) > F(ρab, H ′B|MΠ
a→b) when
ρab is not a CQ state.
For generalization, we assume that
F(ρab, HB) = F(ρab, HB|MΠ
a→b)
=
∑
n
pa(n)F(ρb|n, Hb), (9)
for any local observable HB = 1
a ⊗ Hb. Let Ψk,l be local
operations on party a, defined as
Ψk,l(σ) =
∑
n6=k,l
(Πan ⊗ 1b)σ(Πan ⊗ 1b)
+
(
(Πak +Π
a
l )⊗ 1b
)
σ
(
(Πak +Π
a
l )⊗ 1b
)
,
for k 6= l and any state σ. Then, for any local observable
HB = 1
a ⊗Hb and any k 6= l, we have
F(ρab, HB)
≥ F(Ψk,l(ρab), HB)
=
∑
n6=k,l
pa(n)F(ρb|n, Hb) + (pa(k) + pa(l))F(ρabk,l, HB)
≥
∑
n
pa(n)F(ρb|n, Hb),
where
ρabk,l =
(
(Πak +Π
a
l )⊗ 1b
)
ρab
(
(Πak +Π
a
l )⊗ 1b
)
pa(k) + pa(l)
.
The first inequality follows by the property of lQFI [32], and
the third inequality follows by
F(ρabk,l, HB) ≥ F(ρabk,l, HB|MΠ
a→b)
=
pa(k)F(ρb|k, Hb) + pa(l)F(ρb|l, Hb)
pa(k) + pa(l)
.
6So, from Eq.(9), we have
F(ρabk,l, HB) =
pa(k)F(ρb|k, Hb) + pa(l)F(ρb|l, Hb)
pa(k) + pa(l)
,
for all k 6= l. Therefore, ρabk,l are the CQ states for all k 6= l,
implying that ρab is a CQ state.
Generally, when ρab is not a CQ state (or a CC state),
the local measurements on party a that induce the maximum
of MFI for the local observables on party b are not all the
same. For example, if ρab is pure but not a CC state, with the
Schmidt decomposition |ψ〉 = ∑Li=1√si |αi〉 ⊗ |βi〉 where
1 < L ≤ min{M,N}, then the lQFI can be evaluated, with
HB = 1
a ⊗Hb, as
F(ρab, HB)
=
L∑
i
si 〈βi|H2b |βi〉 −
( L∑
i
si 〈βi|Hb |βi〉
)2
.
(10)
On the other hand, in the evaluation of MFI, the state ρb|n
in Eq. (8) is pure for any n, as seen below:
ρb|n =
tra(Π
a
n ⊗ 1bρab)
pa(n)
=
∑L
i,j
√
sisj〈αj |n〉〈n|αi〉|βi〉〈βj |
pa(n)
=
(
∑L
i
√
si〈n|αi〉 |βi〉)(
∑L
i
√
si〈n|αi〉 |βi〉)∗
pa(n)
,
where Πan = |n〉〈n| and pa(n) =
∑L
i si|〈αi|n〉|2. Therefore,
the MFI can be evaluated as∑
n
pa(n)F(ρb|n, Hb)
=
∑
n
pa(n)
{∑L
i,j
√
sisj〈αj |n〉〈n|αi〉 〈βj |H2b |βi〉
pa(n)
−
(∑L
i,j
√
sisj〈αj |n〉〈n|αi〉 〈βj |Hb |βi〉
pa(n)
)2}
=
L∑
i
si 〈βi|H2b |βi〉
−
∑
n
(∑L
i,j
√
sisj〈αj |n〉〈n|αi〉 〈βj |Hb |βi〉
)2
pa(n)
.
(11)
Since F(ρab, HB) ≥
∑
n p
a(n)F(ρb|n, Hb), we obtain the
following inequality:
(1) ≡ ( L∑
i
si 〈βi|Hb |βi〉
)2
≤
∑
n
(∑L
i,j
√
sisj〈αj |n〉〈n|αi〉 〈βj |Hb |βi〉
)2
∑L
i si|〈αi|n〉|2
≡ (2).
Next, we can see that the local measurements on party a that
induce the maximumof MFI are different in the following two
situations.
(i) If [βi, Hb] = 0 for all i, then, by using the measurement
Πa that satisfies |〈αi|n〉|2 = 1M for all i and n, we have
(2) =
∑
n
(
(1/M)
∑L
i si 〈βi|Hb |βi〉
)2
(1/M)
∑L
i si
=
( L∑
i
si 〈βi|Hb |βi〉
)2
= (1).
(ii) If there exists a real number r 6= 0 such that
〈βi|Hb |βi〉 = r for all i, when 〈βj |Hb |βi〉 = 0 or
〈αj |n〉〈n|αi〉 = 0 for all n and i 6= j, then
(2) =
∑
n
(
r
∑L
i si|〈αi|n〉|2
)2∑L
i si|〈αi|n〉|2
= r2 = (1).
Consequently, the quantity Qa,Π has the following proper-
ties:
(i) Qa,Π(ρab) ≥ 0, the equality holds only when ρab is a
CQ or a CC state.
(ii)Qa,Π(ρab) is invariant under any local unitary operation
ΦU on parties a and b, i.e.,Qa,Π(ρab) = Qa,Π
(
ΦU (ρ
ab)
)
.
Property (ii) follows readily from the corresponding prop-
erty of QFI.
Besides, we expect thatQa,Π(ρab) is contractive under any
lCPTPmapsΦb on party b, i.e.,Qa,Π(ρab) ≥ Qa,Π
(
Φb(ρ
ab)
)
,
then the quantityQa,Π is not only an indicator but also a full-
fledged measure of quantum correlations. However, we do not
have a proof at present and leave it as an open problem.
IV. QUANTIFICATION OF QUANTUM CORRELATIONS
IN PURE STATES
In this section, we evaluate the quantities Qa,H and Qa,Π
for pure quantum states. Already, nonclassical correlations
have been computed for arbitrary 2 × N bipartite pure states
ρab [8] utilizing skew information. Here, we generalize it by
calculating the quantified quantum correlations we defined for
arbitraryM ×N bipartite pure states ρab. Let us consider that
ρab = |ψ〉〈ψ| is a pure state, with the Schmidt decomposition
|ψ〉 =∑i√si |αi〉⊗|βi〉. Then the quantitiesQa,H(ρab) and
Qa,Π(ρab) coincide with the geometric discordDG(ρab), that
is
Qa,H(ρab) = Qa,Π(ρab) = DG(ρab) = 1−
∑
i
s2i .
To show that Qa,H(ρab) equals geometric discord for pure
quantum states, we need the following lemma.
Lemma 4. [33] LetH be a Hilbert space, H be a Hermitian
operator onH, and {|xn〉}n an orthonormal basis of H. De-
fine a vector u as u(n) = 〈xn|H |xn〉, then u ≺ v (called
v majorizes u, if there exists a doubly stochastic operator A
such that v = Au), where v is a vector of eigenvalues of H .
Furthermore, we can easily show that
∑
i u
2
i ≤
∑
j v
2
j when
u ≺ v.
7In general, when QFI is driven with local observables
{HA,n = |ϕn〉〈ϕn| ⊗ 1b}n, where {|ϕn〉}n is an orthonor-
mal basis ofHa, we have∑
n
F(ρab, HA,n)
=
∑
n
[
tr(ρabH2A,n)− {tr(ρabHA,n)}2
]
=
∑
n
{
〈ψ|H2A,n |ψ〉 − (〈ψ|HA,n |ψ〉)2
}
=
∑
n
{∑
i
si|〈αi|ϕn〉|2 −
(∑
i
si|〈αi|ϕn〉|2
)2}
= 1−
∑
n
(∑
i
si|〈αi|ϕn〉|2
)2
≥ 1−
∑
i
s2i .
The first equality follows from Eq. (7) for pure quantum
states, and the sixth inequality follows using∑
i
si|〈αi|ϕn〉|2 = 〈ϕn|
(∑
i
si|αi〉〈αi|
) |ϕn〉
and Lemma 4. The minimum value of Qa,H(ρab) is then es-
tablished identically thatQa,H(ρab) ≥ 1−
∑
i s
2
i .
In particular, we may take
{HA,i = |αi〉〈αi| ⊗ 1b, H ′A,j = |γj〉〈γj | ⊗ 1b}i,j,
where {|γj〉}j is a basis of ker
{
trb(|ψ〉〈ψ|)
}
. Then, by
straightforward calculations, we obtain∑
i
F(ρab, HA,i) +
∑
j
F(ρab, H ′A,j) = 1−
∑
i
s2i .
Hence,Qa,H(ρab) = 1−
∑
i s
2
i .
Next, for Qa,Π(ρab), we have the following relations from
Eqs. (10) and (11),
Qa,Π(ρab)
=
∑
µ
F(ρab, HB,µ)−max
Πa
∑
µ
(∑
n
pa(n)F(ρb|n, Hb,µ)
)
= min
Πa
∑
µ
(∑
n
(∑
i,j
√
sisj〈αj |n〉〈n|αi〉 〈βj |Hb,µ |βi〉
)2∑
i si|〈αi|n〉|2
)
−
∑
µ
(∑
i
si 〈βi|Hb,µ |βi〉
)2
,
where Πan = |n〉〈n| and {Hb,µ} is any orthonormal observ-
able basis onHb. In particular, we may take
{Hb,µ} = {Ek, E+k,l, E−k,l}
with
Ek = |βk〉〈βk|, k = 1, 2, . . . , N,
E+k,l =
1√
2
(|βk〉〈βl|+ |βl〉〈βk|), k < l, k, l = 1, 2, . . . , N,
E−k,l =
i√
2
(|βk〉〈βl| − |βl〉〈βk|), k < l, k, l = 1, 2, . . . , N.
Then, by straightforward calculations, we have
(∑
i
si 〈βi|Ek |βi〉
)2
= s2k,
(∑
i
si 〈βi|E+k,l |βi〉
)2
=
(∑
i
si 〈βi|E−k,l |βi〉
)2
= 0,
∑
n
(∑
i,j
√
sisj〈αj |n〉〈n|αi〉 〈βj |Ek |βi〉
)2∑
i si|〈αi|n〉|2
=
∑
n
(
sk|〈αk|n〉|2
)2∑
i si|〈αi|n〉|2
,
∑
n
(∑
i,j
√
sisj〈αj |n〉〈n|αi〉 〈βj |E+k,l |βi〉
)2∑
i si|〈αi|n〉|2
=
∑
n
sksl
(〈αk|n〉〈n|αl〉+ 〈αl|n〉〈n|αk〉)2
2
∑
i si|〈αi|n〉|2
,
∑
n
(∑
i,j
√
sisj〈αj |n〉〈n|αi〉 〈βj |E−k,l |βi〉
)2∑
i si|〈αi|n〉|2
= −
∑
n
sksl
(〈αk|n〉〈n|αl〉 − 〈αl|n〉〈n|αk〉)2
2
∑
i si|〈αi|n〉|2
,
and consequently,
Qa,Π(ρab) = min
Πa
∑
n
(∑
k
(
sk|〈αk|n〉|2
)2∑
i si|〈αi|n〉|2
+ 2
∑
k<l
sksl|〈αk|n〉|2|〈αl|n〉|2∑
i si|〈αi|n〉|2
)
−
∑
k
s2k
= min
Πa
∑
n
((∑
k sk|〈αk|n〉|2
)2∑
i si|〈αi|n〉|2
)
−
∑
k
s2k
= 1−
∑
k
s2k.
8Also, we can see that Qa,Π(ρab) is independent of the choice
of local measurement Πa on party a for any pure state ρab.
This means that we can capture it in terms of any local von
Neumann measurement on party a.
In particular, on system Ha ⊗ Hb with dimHa =
dimHb = M , the two quantities achieve the maximum value
1− 1/M for any maximally entangled pure state.
V. CONCLUSIONS
In this paper, we have related quantum Fisher information,
a central figure of merit in quantum estimation theory, to the
analysis of quantum correlations. In particular, we studied the
characterization of quantum correlations from the perspective
of the lQFI on parties a and b. To do this, we surveyed the
lQFI in two ways (via local observables and via local mea-
surements). We first proposed a measure of quantum corre-
lations based on the lQFI for local observables, and showed
that it qualifies for a reasonable measure of quantum correla-
tions. This means that we can quantify the quantum correla-
tions through the measure utilizing QFI.
Also, by investigating the hierarchy of measurement-
induced local Fisher information, we have shown that the
lQFI, for zero discord states only, can be induced by perform-
ing a joint measurement, the parts of which act independently
on their respective local systems, and is associated with classi-
cal correlations only. This means that the presence of quantum
correlations leads to the instantaneous variation of evolution
that cannot be confirmed by any joint measurement in the bi-
partite quantum state. Based on this, we define an indicator
of quantum correlations by the difference between the lQFI
and the maximum of measurement-induced Fisher informa-
tion over all local von Neumann measurements. The indicator
has still to satisfy the condition that it is contractive under
any local map on party b in order to become the full-fledged
measure of quantum correlations, but we leave this as an open
problem.
Finally, we showed that these two quantities coincide with
the geometric discord for any pure quantum state.
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